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RIGIDITY AT INFINITY FOR THE BOREL
FUNCTION OF THE TETRAHEDRAL REFLECTION
LATTICE
ALESSIO SAVINI
Abstract. Let Γ be a non-uniform lattice of PSL(2,C). To
every representation ρ : Γ → PSL(n,C) it is possible to asso-
ciate a numerical invariant βn(ρ), called Borel invariant, which
is constant on the PSL(n,C)-conjugancy class of the represen-
tation ρ and hence defines a function on the character variety
X(Γ, PSL(n,C)). This function is continuous with respect to the
topology of the pointwise convergence and it satisfies a strong rigid-
ity property: it holds |βn(ρ)| ≤
(
n+1
3
)
Vol(Γ\H3) for every repre-
sentation ρ : Γ→ PSL(n,C) and we have the equality if and only
if the representation ρ is conjugated either to pin ◦ i or to pin ◦ i,
where i : Γ → PSL(2,C) is the standard lattice embedding and
pin : PSL(2,C)→ PSL(n,C) is the irreducible representation.
We partially answer to a conjecture proposed in [Gui17] when Γ
the reflection group associated to a regular ideal tetrahedron. More
precisely let Γ0 < PSL(2,C) be a torsion-free subgroup of Γ and let
ρk : Γ0 → PSL(n,C) be a sequence of asymptotically maximal rep-
resentations, that is limk→∞ βn(ρk) =
(
n+1
3
)
Vol(Γ0\H
3). Assume
there exists a measurable map ϕk : P
1(C)→ F (n,C) which is ρk-
equivariant. We prove that there must exists a sequence (gk)k∈N
where gk ∈ PSL(n,C) such that limk→∞ gkρk(γ)g
−1
k
= (pin ◦ i)(γ),
for every γ ∈ Γ0.
1. Introduction
Let Γ be a non-uniform lattice of PSL(2,C) without torsion. To
every representation ρ : Γ → PSL(n,C) it is possible to attach a
numerical invariant βn(ρ), called Borel invariant. There are many dif-
ferent ways to define it. A possible approach relies on the study of
the bounded cohomology group H3cb(PSL(n,C)). Indeed in [BBI18]
the authors prove that the Borel class βb(n), already introduced and
studied in [Gon93], is a generator for the group H3cb(PSL(n,C)). Thus,
given a representation ρ : Γ → PSL(n,C), we can construct a class
into H3b (Γ) by pulling back βb(n) along ρ
∗
b and then evaluate this new
class on a fundamental class [N, ∂N ] ∈ H3(N, ∂N). Here N is any
compact core of M = Γ\H3. When n = 2 this invariant is exactly the
volume of the representation defined as the integral of the pullback of
the standard volume form ωH3 along any pseudo-developing map D, as
1
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written both in [Dun99] and in [Fra04] (see for instance [Kim16] for a
proof of the equivalence).
A different approach to define the Borel invariant is exposed in [PP18].
Here the authors start from the Cartan–Killing 3-form on the Lie alge-
bra sl(n,C) to get a SL(n,C)-invariant 3-differential form on the sym-
metric space of non-compact type SL(n,C)/SU(n). Since this differ-
ential form is bounded and the comparison map c : H3cb(PSL(n,C))→
H3c (PSL(n,C)) is surjective, by the Van-Est isomorphism we get a
bounded cohomology class in H3cb(PSL(n,C)) which is exactly the
Borel class. The definition can be extended to representations of lat-
tices with torsion by considering a torsion-free subgroup in a suitable
way.
The Borel invariant remains unchanged under conjugation by an ele-
ment of PSL(n,C), thus we have a well-defined function on the charac-
ter variety X(Γ, PSL(n,C)), called Borel function, which is continuous
with respect to the topology of the pointwise convergence. This func-
tion satisfies a strong rigidity property. As shown in [BBI18, Theorem
1], it holds |βn(ρ)| ≤
(
n+1
3
)
Vol(Γ\H3) for every representation ρ : Γ→
PSL(n,C) and we have the equality if and only if ρ is equal either to
πn ◦ i or to its complex conjugated πn ◦ i, where i : Γ → PSL(2,C) is
the standard lattice embedding and πn : PSL(2,C) → PSL(n,C) is
the irreducible representation. The result proved is actually stronger
since they give a rigidity statement for measurable maps which satisfy
suitable hypothesis. When n = 2 the previous result is exactly a dif-
ferent formulation of Mostow rigidity for non-uniform real hyperbolic
lattices of PSL(2,C) exposed in [Mos68].
Beyond its intrisc interest, the previous result has several important
consequences for the birationality properties of the character variety
X(Γ, PSL(n,C)). For example both [Dun99] and [KT16] used the
properties of the Borel function to prove that the component of the va-
riety X(Γ, PSL(2,C)) containing the holonomy representation of the
complete structure on M = Γ\H3 is birational to its image through
the peripheral holonomy map, which is obtained by restricting any
representation to the abelian parabolic subgroups determined by the
cusps. A similar result has been obtained by [Gui17] for the geometric
component of the PSL(n,C)-character variety, but the author needed
to conjecture that outside of an analytic neighborhood of the class of
the representation πn ◦ i the Borel function is bounded away from its
maximum value
(
n+1
3
)
Vol(Γ\H3). This conjecture could be equivalently
stated by saying that any continuous extension of the Borel function
to the Parreau–Thurston compactification of X(Γ, PSL(n,C)) has a
unique maximum which is not an ideal point (see [Par12] for a defi-
nition of the Thurston–Parreau compactification). In [FS18, Theorem
1.1] we proved the conjecture for the value n = 2 and we called this
phenomenon ridigity at infinity. However, since the proof exploited
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the sharpness of the estimate on the Jacobian of the so-called nat-
ural map associated to a non-elementary representation (see for in-
stance [BCG95, BCG96, BCG99, Fra09]), we could not use the same
argument in the higher rank case. There still exists a way to define nat-
ural maps also for Lie groups of higher rank, but the estimate on the
Jacobian is no more sharp (see [CF03a] and [CF03b] for more details).
In this paper we focus our attention on the reflection group associated
to a regular ideal tetrahedron and we prove a weak version of [Gui17,
Conjecture 1] for every n ≥ 2.
Theorem 1.1. Let Γ be the reflection group associated the regular ideal
tetrahedron (0, 1, e
πi
3 ,∞) and let Γ0 < PSL(2,C) be any torsion-free
subgroup of Γ. Let ρk : Γ0 → PSL(n,C) be a sequence of representa-
tions. Suppose that limk→∞ βn(ρk) =
(
n+1
3
)
Vol(Γ0\H
3). Assume that
for each k there exists a measurable map ϕk : P
1(C)→ F (n,C) which
is ρk-equivariant. Then there must exist a sequence (gk)k∈N of elements
in PSL(n,C) such that for every γ ∈ Γ0 it holds limk→∞ gkρk(γ)g
−1
k =
(πn ◦ i)(γ), where i : Γ0 → PSL(2,C) is the standard lattice embedding
and πn : PSL(2,C)→ PSL(n,C) is the irreducible representation.
The possibility to express the Borel invariant βn(ρk) as the integral
over a fundamental domain for Γ0\PSL(2,C) of the pullback of the
Borel cocycle along the boundary map ϕk together with the maximal-
ity hypothesis allows us to prove the existence of a suitable sequence
(gk)k∈N of elements in PSL(n,C) such that the sequence (gkϕk(γξ))k∈N
is bounded, where ξ = (0, 1, e
πi
3 ,∞) and γ is any element of Γ0.
The boundedness of the previous sequence implies the boundedness
of (gkρkg
−1
k (γ))k∈N for every γ ∈ Γ0 and hence we can conclude.
Here we are forced to restrict our attention only to the tetrahedral
lattice because it seems that the proof cannot be extended directly
to all the other lattices as in [BBI18]. The authors use an ergodic
argument that here cannot be applied for several reasons we are going
to explain later.
The structure of the paper is the following. The first section is ded-
icated to preliminary definitions. We start with the notion of bounded
cohomology for a locally compact group, then we recall the definition
of the Borel cocycle and of the Borel class. We finally introduce the
Borel invariant for a representation ρ : Γ → PSL(n,C) and we recall
its rigidity property. The second section is devoted to the proof of
the main theorem. In the last two sections we explain why the proof
seems to fail for all the other lattices and when the measurable maps
ϕk : P
1(C)→ F (n,C) should exist.
Acknowledgements: I would like to thank Alessandra Iozzi for hav-
ing proposed me this nice problem. I am also grateful to Marc Burger
and Stefano Francaviglia for the enlightening discussions and the help
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they gave me. I finally thank Michelle Bucher and Antonin Guilloux
for the interest they showed about this problem.
2. Preliminary definitions
2.1. Bounded cohomology of locally compact groups. From now
until the end of this section we denote by G a locally compact group.
We endow R with the structure of a trivial normedG-module, where the
considered norm is the standard Euclidean one. The space of bounded
continuous functions is
Cncb(G,R) := Ccb(G
n+1,R) = {f : Gn+1 → R|f is continuous and ||f ||∞ <∞}
where the supremum norm is defined as
||f ||∞ := sup
g0,...,gn∈G
|f(g0, . . . , gn)|
and Cncb(G,R) is endowed with the following G-module structure
(g.f)(g0, . . . , gn) := f(g
−1g0, . . . , g
−1gn)
for every element g ∈ G and every function f ∈ Cncb(G,R) (here the
notation g.f stands for the action of the element g on f). We denote
by δn the homogeneous boundary operator of degree n, namely
δn : Cncb(G,R)→ C
n+1
cb (G,R),
δnf(g0, . . . , gn+1) =
n+1∑
i=0
(−1)if(g0, . . . , gˆi, . . . gn+1),
where the notation gˆi indicates that the element gi has been omitted.
There is a natural embedding of R into C0cb(G,R) given by the con-
stant functions on G. This allows us to consider the following chain
complex of G-modules
0 // R // C0cb(G,R)
δ0
// C1cb(G,R)
δ1
// . . .
and thanks to the compatibility of δn with respect to the G-action, we
can consider the submodules of G-invariant vectors
0 // C0cb(G,R)
G δ
0
// C1cb(G,R)
G δ
1
// C2cb(G,R)
G δ
2
// . . .
Like in any other chain complex, we define the set of the nth-bounded
continuous cocycles as
Zncb(G,R)
G := ker
(
δn : Cncb(G,R)
G → Cn+1cb (G,R)
G
)
and the set of the nth-bounded continuous coboundaries
Bncb(G,R)
G := im
(
δn−1 : Cn−1cb (G,R)
G → Cncb(G,R)
G
)
, and B0cb(G,R) := 0.
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Definition 2.1. The continuous bounded cohomology in degree n of G
with real coefficients is the space
Hncb(G) := H
n
cb(G,R) =
Zncb(G,R)
G
Bncb(G,R)
G
,
with the quotient seminorm
||[f ]||∞ := inf ||f ||∞,
where the infimum is taken over all the possible representatives of [f ].
Let now E be a Banach G-module. The continuous submodule of E
is defined by
CE := {v ∈ E| lim
g→e
||g.v − v|| = 0}.
A complex of Banach G-modules (E•, ∂•) is a resolution of E if it
is an exact complex, E0 = E and En = 0 for every n ≤ −1. We say
that (E•, ∂•) is a strong resolution of E if the continuous subcomplex
(CE•, ∂•) admits a contracting homotopy, that is a sequence of maps
hn : CEn+1 → CEn such that ||hn|| ≤ 1 and hn+1◦∂n+∂n ◦hn−1 = idEn
for all n ∈ N. The complex (C•cb(G,R), δ
•) is a particular case of strong
resolution of R which enables us to compute the continuous bounded
cohomology of the locally compact group G. More generally, we could
have used the cohomology of G-invariants of any strong resolutions of
R by relatively injective G-modules. Since it would be too technical to
introduce here the notion of relatively injective G-module, we prefer to
omit it. We refer to [Mon01, Chapter III] for more details about the
definitions above and about the functorial characterization of bounded
cohomology of locally compact groups.
We can gain precious information about the bounded cohomology of
G also by studying suitable spaces on which G acts. More precisely,
let X be a measurable space on which G acts measurably, that is the
action map θ : G × X → X is measurable (G is equipped with the
σ-algebra of the Haar measurable sets). We set
B∞(Xn,R) := {f : Xn → R|f is measurable and sup
x∈Xn
|f(x)| <∞},
and we endow it with the structure of Banach G-module given by
(g.f)(x1, . . . , xn) := f(g
−1.x1, . . . , g
−1.xn),
for every g ∈ G and every f ∈ B∞(Xn,R). If δn : B∞(Xn,R)→ B∞(Xn+1,R)
is the standard homogeneous coboundary operator, for n ≥ 1 and
δ0 : R → B∞(X,R) is the inclusion given by constant functions, we
get a cochain complex (B∞(X•,R), δ•). We denote by B∞alt(X
n+1,R)
the Banach G-submodule of alternating cochains, that is the set of
elements satisfying
f(xσ(0), . . . , xσ(n)) = sgn(σ)f(x0, . . . , xn),
for every permutation σ ∈ Sn+1.
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In [BI02, Proposition 2.1] the authors prove that the complex of
bounded measurable functions (B∞(X•,R), δ•) is a strong resolution
of R. Since the homology of any strong resolution of the trivial Banach
G-module R maps in a natural way to the continuous bounded coho-
mology of G by [BM02, Proposition 1.5.2.], there exists a canonical
map
c
• : H•(B∞(X•+1,R)G)→ H•cb(G).
More precisely, every bounded measurable G-invariant cocycle f :
Xn+1 → R determines canonically a class cn[f ] ∈ Hncb(G). The same re-
sult holds for the subcomplex (B∞alt(X
•,R), δ•) of alternating cochains.
2.2. The Borel cocycle. A complete flag F of Cn is a sequence of
nested subspaces
F 0 ⊂ F 1 ⊂ . . . F n−1 ⊂ F n
where dimC F
i = i for i = 1, . . . , n. Let F (n,C) be the space parametriz-
ing all the possible complete flags ofCn. This is a complex variety which
can be thought of as a homogeneous space obtained as the quotient of
PSL(n,C) by any of its Borel subgroups. In particular PSL(n,C) acts
measurably on F (n,C).
By following [Gon93], in [BBI18] the authors prove that there exists
a measurable cocycle
Bn : F (n,C)
4 → R
which is defined everywhere, PSL(n,C)-invariant and bounded by
(
n+1
3
)
ν3,
where ν3 is the volume of any positively oriented regular ideal tetrahe-
dron of H3. We are going to recall briefly the definition of this cocycle.
Define the set
Sk(m) := {(x0, . . . , xk) ∈ (C
m)k+1|〈x0, . . . xk〉 = C
m}/GL(m,C)
where GL(m,C) acts on (k+1)-tuples of vectors by the diagonal action
and 〈x0, . . . xk〉 is the C-linear space generated by x0, . . . , xk. It is
obvious that if k < m− 1 the space defined above is empty. For every
m-dimensional vector space V over C and any (k+1)-tuple of spanning
vectors (x0, . . . , xk) ∈ V
k+1, we choose an isomorphism V → Cm. Since
any two different choices of isomorphisms are related by an element
g ∈ GL(m,C), we get a well defined element of Sk(m) which will be
denoted by [V ; (x0, . . . , xk)]. Denote by
Sk :=
⊔
m≥0
Sk(m) = Sk(0) ⊔ . . . ⊔Sk(k + 1)
Since the hyperbolic volume function Vol : P1(C)4 → R can be
thought of as defined on (C2 \ {0})4, it is extendable to
Vol : S3 → R
RIGIDITY AT INFINITY FOR THE TETRAHEDRAL LATTICE 7
where we set Vol|S3(m) to be identically zero if m 6= 2 and
Vol[C2; (v0, . . . , v3)] :=
{
Vol(v0, . . . , v3) if each vi 6= 0,
0 otherwise.
This function allows us to define a cocycle on the space Faff(n,C)
4
of 4-tuples of affine flags. An affine flag (F, v) of Cn is a complete flag
F together with a decoration v = (v1, . . . , vn) ∈ (Cn)n such that
F i = Cvi + F i−1
for every i = 1, . . . n. Given any 4-tuple of affine flags F = ((F0, v0), . . . , (F3, v3))
of Cn and a multi-index J ∈ {0, . . . , n− 1}4, we set
Q(F,J) :=
[
〈F j0+10 , . . . , F
j3+1
3 〉
〈F j00 , . . . , F
j3
3 〉
; (vj0+10 , . . . , v
j3+1
3 )
]
,
which is an element of S3. With the previous notation, we define the
cocycle Bn as
Bn((F0, v0), . . . , (F3, v3)) :=
∑
J∈{0,...,n−1}4
VolQ(F,J).
It can be proved that this function does not depend on the decora-
tions v0, . . . , v3 and hence it naturally descends to the desired cocycle
defined on 4-tuples of flags (see [BBI18] for more details). As a con-
sequence of [BI02, Proposition 2.1], it determines naturally a bounded
cohomology class in H3cb(PSL(n,C)), which we are going to denote by
βb(n).
Definition 2.2. The cocycle Bn is called Borel cocycle and the class
βb(n) is called bounded Borel class.
By [BBI18, Theorem 2] the cohomology group H3cb(PSL(n,C)) is a
one-dimensional real vector space generated by the bounded Borel class
and this generalizes a previous result by Bloch for PSL(2,C) exposed
in [Blo00].
We are going now to recall the main rigidity property of the Borel
cocycle. Denote by Vn : P
1(C) → F (n,C) the Veronese map. This
map is an embedding of the complex projective line into the space of
complete flags F (n,C) and it is defined as it follows. Let Vn(ξ)i be the
i-dimensional space of the flag Vn(ξ). If ξ has homogeneous coordinates
[x : y], we define Vn(ξ)n−i as the (n−i)-dimensional subspace with basis(
0, . . . , 0, xi,
(
i
1
)
xi−1y, . . . ,
(
i
j
)
xi−jyj, . . . ,
(
i
i− 1
)
xyi−1, yi, 0, . . . , 0
)T
where the first are k zeros and the last are n − i − k − 1 zeros, for
k = 0, . . . , n− 1− i.
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Definition 2.3. Let (F0, . . . , F3) ∈ F (n,C)
4 be a 4-tuple of flags. We
say that the 4-tuple is maximal if
|Bn(F0, . . . , F3)| =
(
n+ 1
3
)
ν3,
where ν3 is the volume a positively oriented regular ideal tetrahedron
in H3.
Maximal flags can be described in terms of the Veronese embed-
ding. More precisely, [BBI18, Theorem 19] shows that if a 4-tuple of
flags (F0, . . . , F3) is maximal, then there must exists an element g ∈
PSL(n,C) and a regular ideal tetrahedron with vertices (ξ0, . . . , ξ3) ∈
P1(C)4 such that
gFi = Vn(ξi)
for every i = 0, . . . , 3. The tetrahedron (ξ0, ξ1, ξ2, ξ3) will be positively
or negatively oriented according to the sign of the number Bn(F0, . . . , F3).
2.3. The Borel invariant for representations into PSL(n,C).
Let Γ be a non-uniform lattice of PSL(2,C) without torsion and let
ρ : Γ → PSL(n,C) be a representation. Define M := Γ\H3. As a
consequence of Margulis lemma we can decompose the manifold M as
M = N ∪
⋃h
i=1Ci, where N is any compact core of M and for every
i = 1, . . . , h the component Ci is a cuspidal neighborhood diffeomor-
phic to Ti × (0,∞), where Ti is a torus whose fundamental group cor-
responds to a suitable abelian parabolic subgroup of PSL(2,C). Let
i : (M,∅) → (M,M \ N) be the natural inclusion map. Since the
fundamental group of the boundary ∂N is abelian, hence amenable, it
can be proved that the maps i∗b : H
k
b (M,M \N)→ H
k
b (M) induced at
the level of bounded cohomology groups are isometric isomorphisms for
k ≥ 2 (see [BBF14]). Moreover, it holds Hkb (M,M \N)
∼= Hkb (N, ∂N)
by homotopy invariance of bounded cohomology. If we denote by c
the canonical comparison map c : Hkb (N, ∂N) → H
k(N, ∂N), we can
consider the composition
H3b (PSL(n,C))
ρ∗
b
// H3b (Γ)
∼= H3b (M)
(i∗
b
)−1
// H3b (N, ∂N)
c
// H3(N, ∂N),
where the isomorphism that appears in this composition holds since M
is aspherical. By choosing a fundamental class [N, ∂N ] for H3(N, ∂N)
we are ready to give the following
Definition 2.4. The Borel invariant associated to a representation
ρ : Γ→ PSL(n,C) is given by
βn(ρ) := 〈(c ◦ (i
∗
b)
−1 ◦ (ρ∗b))βb(n), [N, ∂N ]〉,
where the brackets 〈·, ·〉 indicate the Kronecker pairing.
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It is possible to show that the definition of the Borel invariant βn(ρ)
does not depend on the choice of the compact core N . Moreover this
definition can be extended in a suitable way also to lattices with torsion.
Indeed if Γ is a lattice with torsion, we can define
βn(ρ) :=
βn(ρ|Γ0)
[Γ : Γ0]
,
where Γ0 is any torsion-free subgroup of Γ of finite index.
The Borel invariant βn(ρ) remains unchanged on the PSL(n,C)-
conjugancy class of a representation ρ, hence it defines naturally a
function on the character variety X(Γ, PSL(n,C)) which is continuous
with respect to the topology of the pointwise convergence. This func-
tion, called Borel function, satisfies a strong rigidity property proved
in [BBI18, Theorem 1]. Indeed for any representation ρ : Γ→ PSL(n,C)
we have
|βn(ρ)| ≤
(
n + 1
3
)
Vol(M)
and the equality holds if and only if ρ is conjugated to πn ◦ i or to its
complex conjugate πn ◦ i, where i : Γ → PSL(2,C) is the standard
lattice embedding and πn : PSL(2,C)→ PSL(n,C) is the irreducible
representation.
We want to conclude this section by expressing the Borel invariant
in terms of boundary maps between Furstenberg boundaries. In order
to do this we first need to recall the definition of the transfer map
transΓ : H
3
b (Γ) → H
3
cb(PSL(2,C)). Let Vk be the set Cb((H
3)k+1,R)
of real bounded continuous functions on (k+1)-tuples of points of H3.
With the standard homogeneous boundary operators and the structure
of Banach PSL(2,C)-module given by
(g.f)(x0, . . . , xn) := f(g
−1x0, . . . , g
−1xn), ||f ||∞ = sup
x0,...,xn∈H3
|f(x0, . . . , xn)|
for every f ∈ Cb((H
3)n+1,R) and g ∈ PSL(2,C), we get a complex
V• = Cb((H
3)•+1,R) of Banach PSL(2,C)-modules that allows us to
compute the continuous bounded cohomology of PSL(2,C). More pre-
cisely, it holds
Hk(V PSL(2,C)• )
∼= Hkcb(PSL(2,C))
for every k ≥ 0. Moreover, by substituting PSL(2,C) with Γ, we have
in an analogous way that
Hk(V Γ• )
∼= Hkb (Γ)
for every k ≥ 0. The previous considerations allow us to define the
map
transΓ : V
Γ
k → V
PSL(2,C)
k ,
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transΓ(c)(x0, . . . , xn) :=
∫
Γ\PSL(2,C)
c(g¯x0, . . . , g¯xn)dµ(g¯),
where c is any Γ-invariant element of Vk and µ is any invariant proba-
bility measure on Γ\PSL(2,C). Here g¯ stands for the equivalence class
of g into Γ\PSL(2,C).
Since transΓ(c) is PSL(2,C)-equivariant and transΓ commutes with
the coboundary operator, we get a well-defined map
transΓ : H
•
b (Γ)→ H
•
cb(PSL(2,C)).
Given a representation ρ : Γ → PSL(n,C) we can consider the
composition
H3cb(PSL(n,C))
ρ∗
b
// H3b (Γ)
transΓ
// H3cb(PSL(2,C)).
The composition above maps βb(n) to
βn(ρ)
Vol(M)
βb(2) by [BBI18, Propo-
sition 26].
Assume now that there exists a map ϕ : P1(C) → F (n,C) which
is measurable and ρ-equivariant. Recall that both the cohomology
groups H3cb(PSL(n,C)) and H
3
b (Γ) can be computed via the resolution
of L∞-cochains on their Furstenberg boundaries F (n,C) and P1(C),
respectively (see [Mon01, Example 7.5.8]). A particular representative
for the class ρ∗b(βb(n)) can be obtained as the pullback cocycle ϕ
∗(Bn),
that means
ϕ∗(Bn) : P
1(C)4 → R, ϕ∗(Bn)(ξ0, . . . , ξ3) := Bn(ϕ(ξ0), . . . , ϕ(ξ3)).
for almost every (ξ0, . . . , ξ3) ∈ P
1(C)4. It is worth noticing that in
general the pullback in bounded cohomology cannot be implemented
by boundary maps, unless the class we want to pull back can be repre-
sented by a measurable cocycle which is defined everywhere (see [BI02,
Corollary 2.7]). If we now want to apply the transfer map transΓ, this
simply means to integrate the cocycle ϕ∗(Bn) over a fundamental do-
main for Γ\PSL(2,C). Since (transΓ ◦ ρ
∗
b)(βb(n)) is sent to
βn(ρ)
Vol(M)
βb(2)
and there are no L∞-coboundaries in degree 3 by the triple transitive
action of PSL(2,C) on P1(C), we have that transΓ ◦ρ
∗
b sends Bn to the
class βn(ρ)
Vol(M)
B2 =
βn(ρ)
Vol(M)
Vol. Thus for almost every (ξ0, . . . , ξ3) ∈ P
1(C)4
we get
(1)∫
Γ\PSL(2,C)
Bn(ϕ(gξ0), . . . ϕ(gξ3))dµΓ\G(g) =
βn(ρ)
Vol(M)
Vol(ξ0, . . . , ξ3).
By both [BBI18, Proposition 28] and [Mon15, Theorem B] the equal-
ity above can be actually extended to every 4-tuple (ξ0, . . . , ξ3) ∈
P1(C)4.
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3. Proof of the main theorem
Let Γ be the reflection group associated to the regular ideal tetra-
hedron of vertices (0, 1, e
πi
3 ,∞) ∈ P1(C)4 and let Γ0 < PSL(2,C) be
a torsion-free subgroup of Γ of finite index. From now until the end
of the paper, with an abuse of notation, we are going to denote by
g both a general element in PSL(2,C) and its equivalence class into
Γ0\PSL(2,C).
Lemma 3.1. Suppose ρk : Γ0 → PSL(n,C) is a sequence of repre-
sentations such that limk→∞ βn(ρk) =
(
n+1
3
)
Vol(Γ0\H
3). Assume there
exists a measurable map ϕk : P
1(C)→ F (n,C) which is ρk-equivariant.
Then, up to passing to a subsequence, for almost every g ∈ Isom(H3)
we have
lim
k→∞
Bn(ϕk(gξ0), . . . , ϕk(gξ3)) =
(
n + 1
3
)
Vol(gξ0, . . . , gξ3),
where (ξ0, . . . , ξ3) ∈ P
1(C)4 are the vertices of a regular ideal tetrahe-
dron.
Proof. Let (ξ0, . . . , ξ3) ∈ P
1(C)4 be the vertices of a regular ideal tetra-
hedron. Without loss of generality we can assume that Vol(ξ0, . . . , ξ3) =
ν3. Thanks to Equation (1) we get∫
Γ0\PSL(2,C)
Bn(ϕk(gξ0), . . . , ϕk(gξ3))dµΓ0\G(g) =
βn(ρk)
Vol(Γ0\H3)
ν3
for every k ∈ N, where µΓ0\G is the measure induced by the Haar mea-
sure and renormalized to be a probability measure. Since by hypothesis
limk→∞ βn(ρk) =
(
n+1
3
)
Vol(Γ0\H
3), by taking the limit on both sides of
the equation above we get
(2)
lim
k→∞
∫
Γ0\PSL(2,C)
Bn(ϕk(gξ0), . . . , ϕk(gξ3))dµΓ0\G(g) =
(
n+ 1
3
)
ν3.
Since the Borel cocycle satisfies |B(F0, . . . , F3)| ≤
(
n+1
3
)
ν3 for every
4-tuple of flags (F0, . . . , F3) ∈ F (n,C)
4, we have that(
n + 1
3
)
ν3 −B(F0, . . . , F3) = |
(
n + 1
3
)
ν3 −Bn(F0, . . . , F3)|
for every (F0, . . . , F3) ∈ F (n,C)
4. Hence Equation (2) implies
lim
k→∞
||Bn ◦ ϕ
4
k −
(
n + 1
3
)
ν3||L1(Γ0\PSL(2,C),µΓ0\G) = 0.
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The L1-convergence of the sequence (Bn◦ϕ
4
k)k∈N allows us to extract
a subsequence (ϕkℓ)ℓ∈N such that
lim
ℓ→∞
Bn(ϕkℓ(gξ0), . . . , ϕkℓ(gξ3)) =
(
n+ 1
3
)
ν3
for µΓ0\G-almost every g ∈ Γ0\PSL(2,C). By the equivariance of the
maps ϕkℓ , the equality above holds for µG-almost every g ∈ PSL(2,C).
If σ is a reflection along any face of (ξ0, . . . , ξ3), the same argument
can be adapted to a tetrahedron (σξ0, . . . , σξ3) which has negative max-
imal volume Vol(σξ0, . . . , σξ3) = −ν3. Hence the statement follows. 
Remark 3.2. Since in the previous lemma we did not use any specific
property of the lattice Γ0, the same proof holds for any lattice Γ of
PSL(2,C).
With an abuse of notation we are going to denote by (ϕk)k∈N the
subsequence we get in the previous lemma. Our goal now is to find
a sequence of elements gk ∈ PSL(n,C) such that (gkϕk(γξ))k∈N is
bounded for every γ ∈ Γ0, where ξ := (0, 1, e
πi
3 ,∞). Denote by Treg ⊂
P
1(C)4 the subset of 4-tuples which are the vertices of regular ideal
tetrahedra. For every element ξ = (ξ0, . . . , ξ3) we denote by Γξ the
subgroup of Isom(H3) generated by the reflections along the faces of ξ.
Finally we define
(3) T ∞ := {ξ ∈ Treg| lim
k→∞
Bn(ϕk(ξ)) =
(
n+ 1
3
)
Vol(ξ)}
where we set ϕk(ξ) := (ϕk(ξ0), . . . , ϕk(ξ3)) for every regular tetrahedron
ξ = (ξ0, . . . , ξ3) ∈ Treg.
We start with the following
Lemma 3.3. Let ξ ∈ T ∞ be a regular tetrahedron. Let ϕk : P
1(C) →
F (n,C) be a sequence of measurable maps such that for every γ ∈ Γξ
we have that γξ ∈ T ∞. Then there exists a sequence (gk)k∈N, where
each gk is an element of PSL(n,C), such that
lim
k→∞
gkϕk(α) = Vn(α)
for every α ∈
⋃3
i=0 Γξξi.
Proof. Since the tetrahedron ξ is an element of T ∞, we can find a
sequence (gk)k∈N of elements in PSL(n,C) such that
lim
k→∞
gkϕk(ξi) = Vn(ξi),
for i = 0, . . . , 3. We want now verify that the sequence (gk)k∈N is the
one we were looking for. In order to do this we need to verify that
lim
k→∞
gkϕk(γξ) = Vn(γξ)
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for every γ ∈ Γξ. If γ is a generic element of Γξ we can write it as
γ = rN · rN−1 . . . · r1, where each ri is a reflection along a face of the
tetrahedron ri−1 · . . . · r1ξ. We are going to prove the statement by
induction of N . If N = 0 there is nothing to prove. Assume the
statement holds for γ′ = rN−1 · . . . · r1. Denote by η = γ
′ξ. We know
that for the vertices of η we have
lim
k→∞
gkϕk(ηi) = Vn(ηi),
for i = 0, . . . , 3. We want to prove that
lim
k→∞
gkϕk(rNηi) = Vn(rNηi),
for i = 0, . . . , 3. Assume rN is the reflection along the face of η whose
vertices are η1, η2 and η3. In particular we have that rNηi = ηi for
i = 1, 2, 3, so for these vertices the statement holds. We are left to
prove that
lim
k→∞
gkϕk(rNη0) = Vn(rNη0).
The sequence (gkϕk(rNη0))k∈N is a sequence of points in F (n,C),
which is compact. Hence we can extract a subsequence which converges
to a point α0 ∈ F (n,C). Since η1,η2 and η3 are distinct vertices and
the Veronese map Vn is an embedding, also the flags Vn(η1),Vn(η2) and
Vn(η3) are distinct (actually even more, since they are in general po-
sition). Since for each i = 1, 2, 3 the sequence (gkϕk(ηi))k∈N converges
to Vn(ηi), we can assume that the sequences of flags (gkϕk(ηi))k∈N for
i = 1, 2, 3 are eventually in general position. Since the Borel function
is continuous when 3 flags of the 4-tuple are in general position, we get
lim
k→∞
Bn(gkϕk(rNη0), gkϕk(η1), . . . , gkϕk(η3)) = Bn(α0,Vn(η1), . . . ,Vn(η3)).
At the same time, by hypothesis it follows
lim
k→∞
Bn(gkϕk(rNη)) =
(
n + 1
3
)
Vol(rNη) = −
(
n+ 1
3
)
Vol(η).
On the other hand, it holds
Bn(Vn(rNη)) =
(
n + 1
3
)
Vol(rNη) = −
(
n+ 1
3
)
Vol(η).
and hence, by a simple comparison argument, we get
Bn(Vn(rNη0),Vn(η1), . . . ,Vn(η3)) = Bn(α0,Vn(η1), . . . ,Vn(η3)) = ±
(
n + 1
3
)
ν3.
As a consequence we must have α0 = Vn(rNη0), but this is equivalent
to say that the sequence (gkϕk(rNη0))k∈N satisfies
lim
k→∞
gkϕk(rNη0) = Vn(rNη0)
for any convergent subsequence of (gkϕk(rNη0))k∈N. Then the state-
ment follows. 
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We are now ready to prove the main theorem.
Proof of Theorem 1.1. Define now the set
T ∞Γ := {ξ ∈ T
∞|∀γ ∈ Γξ : γξ ∈ T
∞}.
We are going to prove that this set is a set of full measure in Treg.
By Lemma 3.1, we already know that T ∞ defined by Equation (3) is a
set of full measure. For any η ∈ Treg we define the evaluation map
evη : Isom(H
3)→ Treg, evη(g) := gη.
Set G∞ := ev−1η (T
∞) and G∞Γ := ev
−1
η (T
∞
Γ ). Let ξ = gη. It holds
ξ ∈ T ∞Γ if and only if for any γ ∈ Γξ we have that γξ = γgη ∈ T
∞.
Since Γξ = Γgη = gΓηg
−1, any element γ ∈ Γξ can be written as
γ = gγ0g
−1, where γ0 ∈ Γη. Thus, by a simple substitution, we get
that ξ ∈ T ∞Γ if and only if for every γ0 ∈ Γη we have that gγ0η ∈ T
∞.
This argument implies that we can write
G∞Γ =
⋂
γ0∈Γη
G∞γ−10 .
All the sets G∞γ−10 are sets of full measure, since are right-translated
of the set of full measure G∞ by the element γ−10 . Being a countable
intersection of full measure sets, also G∞Γ has full measure. Hence also
T ∞Γ has full measure, as claimed.
Now, without loss of generality, we can assume that ξ = (0, 1, e
πi
3 ,∞) ∈
T ∞Γ . With this assumption we have that Γξ = Γ, the reflection lattice
we started with. By applying Lemma 3.3, there must exists a sequence
(gk)k∈N of elements gk ∈ PSL(n,C) such that
lim
k→∞
gkϕk(γξ) = Vn(γξ) = πn(γ)Vn(ξ)
for every γ ∈ Γ and hence for every γ ∈ Γ0, where Vn : P
1(C) →
F (n,C) is the Veronese embedding. For every k ∈ N we define ϕ˜k :=
gkϕk and ρ˜k := gkρkg
−1
k . We get that
lim
k→∞
ρ˜k(γ)ϕ˜k(ξ) = lim
k→∞
ϕ˜k(γξ) = Vn(γξ) = πn(γ)Vn(ξ),
for every γ ∈ Γ0. In particular notice that both sequences (ϕk(ξ))k∈N
and (ϕk(γξ))k∈N are converging. The limit γ acts as πn(γ) at the limit,
hence the sequence (ρ˜k(γ))k∈N cannot diverge and it remains bounded
in PSL(n,C). Hence the sequence of representations (ρ˜k)k∈N has to
be bounded in the character variety X(Γ0, PSL(n,C)) and there must
exists a subsequence of (ρ˜k)k∈N converging to a suitable representation
ρ∞.
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By the continuity of the Borel function on the character variety
X(Γ0, PSL(n,C)) with respect to the pointwise topology, it follows
lim
k→∞
βn(ρk) = lim
k→∞
βn(ρ˜k) = βn(ρ∞) =
(
n+ 1
3
)
Vol(Γ0\H
3).
By [BBI18, Theorem 1] the representation ρ∞ must be conjugated to
the representation (πn ◦ i), where i : Γ0 → PSL(2,C) is the standard
lattice embedding and πn : PSL(2,C)→ PSL(n,C) is the irreducible
representation. Since the argument above holds for every convergent
subsequence of (ρ˜k)k∈N, the theorem follows. 
4. Failure of the proof for a generic lattice
In this section we want to point out why the proof of Theorem 1.1
fails dramatically for any other lattice of PSL(2,C). Clearly in the
proof of Theorem 1.1, we exploit the Γ-equivariance of the measurable
map ϕk : P
1(C) → F (n,C) to show that the sequence (ρk(γ))k∈N is
bounded for every γ ∈ Γ0 < Γ.
Nevertheless, given a generic non-uniform lattice Λ < PSL(2,C)
without torsion and a sequence of representations ρk : Λ→ PSL(n,C)
with limk→∞ βn(ρk) =
(
n+1
3
)
Vol(Λ\H3), we can still hope to say some-
thing relevant. Indeed if we assume that there exists a measurable map
ϕk : P
1(C) → F (n,C) which is ρk-equivariant, both Lemma 3.1 and
Lemma 3.3 are still valid. Actually Lemma 3.3 can be even strength-
ened.
For any ξ ∈ Treg we can define a group ∆ξ which will contain properly
the reflection group Γξ defined in the previous section and whose action
on Isom(H3) is ergodic with respect to the right Haar measure. To do
this, we first suppose that ξ has the form ξ = (∞, 0, ξ2, ξ3). We define
the isometry γξ as the map induced by the multiplication by 2 on
P1(C) = C ∪ {∞}, that means µ2(z) = 2z. For a general ξ ∈ Treg, let
g ∈ Isom(H3) be any isometry such that gξ0 =∞ and gξ1 = 0. We set
γξ := g
−1µ2g. Define ∆ξ as the subgroup generated by the group Γξ
and by the isometry γξ in Isom(H
3), that is
∆ξ := 〈Γξ, γξ〉 ⊂ Isom(H
3).
Lemma 4.1. Let ξ ∈ T ∞ be a regular tetrahedron. Let ϕk : P
1(C) →
F (n,C) be a sequence of measurable maps such that for every γ ∈ ∆ξ
it holds γξ ∈ T ∞. Thus there exists a sequence (gk)k∈N of elements in
PSL(n,C) such that
lim
k→∞
gkϕk(α) = Vn(α)
for every α ∈
⋃3
i=0∆ξξi.
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Proof. Define Sξ as the set which consists of all the reflections along
the faces of the simplex ξ and of the isometries γ±ξ . If s1, . . . , sN are
elements of Sξ, we define ri := (s1 · . . . · si−1)si(s1 · . . . · si−1)
−1. The
isometry ri will be an element of the conjugated set Sri−1·...·r1ξ :=
(s1 · . . . · si−1)Sξ(s1 · . . . · si−1)
−1 and each element γ ∈ ∆ξ can be
written as γ = rN · . . . · r1.
For every element γ ∈ ∆ξ, there exists a sequence (g
γ
k)k∈N such that
lim
k→∞
gγkϕk(γξi) = Vn(γξi),
for i = 0, . . . , 3. We are going to prove that the sequence (gγk)k∈N
does not depend on γ (in particular for every γ ∈ ∆ξ we will have
(gγk))k∈N = (g
Id
k )k∈N). It is sufficient to show that
(g
rN ·rN−1·...·r1
k )k∈N = (g
rN−1·...·r1
k )k∈N
Set η := rN−1 · . . . · r1ξ. If the isometry rN is a reflection along
a face of η, then rN ∈ Γη and the claim is a direct consequence of
Lemma 3.3. Assume now rN = γ
±
η . Up to conjugation, we can suppose
η := (∞, 0, η2, η3). If we apply the map rN = γ
±
η we get
rNη = γ
±
η η = (∞, 0, 2
±η2, 2
±η3).
Since γη = γγηη, it is sufficient to study the case rN = γη. Since
the vertices of γηη are elements of the tesselation
⋃3
i=0 Γηηi, the claim
follows again by Lemma 3.3. 
Since by Lemma 3.1 the set T ∞ is of full measure, also the set
T ∞∆ := {ξ ∈ T
∞|γξ ∈ T ∞, ∀γ ∈ ∆ξ}
will be a set of full measure, being a countable intersection of set of
full measure (see the argument in the proof of Theorem 1.1 for T ∞Γ ).
Hence for almost any ξ = (ξ0, . . . , ξ3) Lemma 4.1 guarantees that there
exists a sequence (g
ξ
k)k∈N, with g
ξ
k ∈ PSL(n,C), such that
lim
k→∞
g
ξ
kϕk(α) = Vn(α),
for every α ∈
⋃3
i=0∆ξξi. The key point here is the fact that the se-
quence (g
ξ
k)k∈N is far from being unique. This is the main reason which
justifies the failure of the proof of the main theorem for a generic lattice.
More precisely, since the sequence (g
ξ
k)k∈N is not unique, we should
define the set
σξ = {(gk)k∈N| lim
k→∞
gkϕk(ξ) = Vn(ξ)},
which sastisfies
σξ = σγξ, ∀γ ∈ ∆ξ,
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as a consequence of Lemma 4.1. Being dense, the group ∆ξ acts ergod-
ically on Isom(H3) (see [BBI18, Lemma 32]) and hence it acts ergodi-
cally on T ∞∆ . If we denote by P(X) the power set of any set X , we can
define the function
σ : T ∞∆ → P(PSL(n,C)
N), σ(ξ) = σξ,
which is ∆ξ-invariant. But the space P(PSL(n,C)
N) is not standard
Borel, thus we cannot proceed any further with the proof.
One could hope to modify the proof to get either an open or closed
subset of PSL(n,C)N, since the set of all closed set of a standard
Borel space X is standard Borel by [Bee91]. Another possibility would
be to study the set σξ as an equivalence class, since two elements
(gk)k∈N, (hk)k∈N of σ
ξ satisfy
(4) lim
k→∞
d(gk, hk) = 0,
where d is any distance function on PSL(n,C) compatible with the
topology and which makes PSL(n,C) complete. One could hope to
construct a measurable selector with respect to the equivalence re-
lation defined by Equation (4), that means a measurable map p :
PSL(n,C)N/E → PSL(n,C)N where p(x) ∈ Ex, where E is the equiv-
alence relation and Ex is the equivalence class. Unfortunately this
relation is not smooth, hence as a consequence of standard theory it
cannot admit a measurable selector.
The considerations above suggest us that one should find another way
different from the ergodic approach described in [BBI18] to prove [Gui17,
Conjecture 1] for a generic lattice Λ < PSL(2,C).
5. Comments about the existence of measurable
equivariant maps
One of the crucial tool in Theorem 1.1 is the assumption of the
existence of the measurable maps ϕk : P
1(C) → F (n,C). It is a
standard fact that given a non-elementary representation ρ : Λ →
PSL(n,C) from a non-uniform torsion-free lattice Λ of PSL(2,C) into
PSL(n,C), there exists a measurable equivariant map ϕ : P1(C) →
M1(F (n,C)), whereM1(F (n,C)) is the space of probability measure
on F (n,C). Additionally, when either n = 2 or the Borel invariant
βn(ρ) is maximal if n ≥ 3, then ϕ(ξ) is a Dirac measure for almost
every ξ ∈ P1(C) (see [BBI18, Corollary 28]). On the other hand, a priori
there is no reason to be sure about the existence of a measurable map
ϕk : P
1(C) → F (n,C), when the representation ρk : Λ → PSL(n,C)
is not maximal.
To show the existence of such a measurable map a possible way would
be to apply [Mar91, Corollary 2.10] in order to pass from a measure
valued equivariant map to a map with values in F (n,C). To do this we
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should show that the group given by the Zariski closure H := ρ(Λ)
Zar
has an action on F (n,C) which is mean proximal. Unfortunately we
are not able to say if the almost maximality of the Borel invariant
implies the mean proximality of the representation ρ. We can only
state a result of not parabolicity of almost maximal representation.
Indeed we have the following
Proposition 5.1. Let ρ : Γ→ PSL(n,C) be a representation and as-
sume that ρ(Γ) is contained in a proper parabolic subgroup of PSL(n,C).
Then there exists a suitable ε > 0 such that βn(ρ) <
(
n+1
3
)
Vol(M)− ε.
Proof. By hypothesis, there exists a proper parabolic subgroup P such
that ρ(Γ) ⊂ P . In particular, we get the following commutative dia-
gram
H3cb(PSL(n,C))
ρ∗
b
//
resP

H3b (Γ)
H3cb(P )
77
♦
♦
♦
♦
♦
♦
♦
♦
♦
♦
♦
where resP is the restriction map. By the commutativity of the diagram
above it follows ρ∗b(βb(n)) = ρ
∗
b(βP (n)), where we defined βP (n) :=
resP (βb(n)). We claim that there exists ε0 > 0 such that ||βP (n)||∞ <(
n+1
3
)
ν3 − ε0 and this will imply the statement. Since P is parabolic,
it will contain a suitable Borel subgroup B of PSL(n,C). Without
loss of generality we can assume that B = Tn is the Borel subgroup
of upper triangular matrices and Tn ⊂ P . The group P will be the
stabilizer of an incomplete flag, say 0 ⊂ Fi1 ⊂ Fi2 ⊂ . . . ⊂ Fir = C
n.
We define n1 := i1, n2 := i2 − i1, . . . , nr := ir − ir−1. The r-tuple
(n1, . . . , nr) will be a partition of n. We can think of P as a subgroup of
PGL(n,C), since PSL(n,C) and PGL(n,C) are isomorphic. Thanks
to this identification any element g ∈ P has the form
g =


g1 ∗ ∗ ∗
0 g2 ∗ ∗
0 0 ∗ ∗
0 0 0 gr


where each gi ∈ PGL(ni,C). In this way we get a map
♭ : P →
r∏
i=1
PGL(ni,C), ♭(g) := (g1, . . . , gr).
Since the kernel of ♭ is a normal amenable subgroup of P , by [Mon01,
Corollary 8.5.2.] the pullback ♭∗ induces an isometric isomorphism in
bounded cohomology
H•cb(
r∏
i=1
PGL(ni,C))→ H
•
cb(P ).
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The inverse map of ♭∗ is induced by the natural inclusion
 :
r∏
i=1
PGL(ni,C)→ P, (g1, . . . , gr) :=


g1 0 0 0
0 g2 0 0
0 0 ∗ 0
0 0 0 gr

 .
In particular, we reduce ourselves to study the restriction of the Borel
class βb(n) ∈ H
3
cb(PGL(n,C)) with respect to the following chain of
inclusions ∏r
i=1 PGL(ni,C)

// P // PGL(n,C),
which induces at the level of bounded cohomology groups
H3cb(PGL(n,C))
resP
// H3cb(P )
∼=
// H3cb(
∏r
i=1 PGL(ni,C)).
We claim that the image of βb(n) with respect to the composition
above is
∑r
i=1 βb(ni), where each class βb(ni) can be thought of as an
element of H3cb(
∏r
i=1 PGL(ni,C)) thanks to the injection
π∗i : H
3
cb(PGL(ni,C))→ H
3
cb(
r∏
i=1
PGL(ni,C))
induced by the i-th projection map πi. Without loss of generality, we
are going to prove the claim for n = n1 + n2. There exists a natural
map
ϑ : Faff(n1,C)×Faff(n2,C)→ Faff(n,C), ϑ((F, u), (G, v)) := (H,w)
where the affine flag (H,w) is defined as follows. The subspace Hk
is given by either Hℓ := F ℓ if ℓ = 1, . . . , n1 or it is equal to H
ℓ :=
〈F n1, Gℓ−n1〉 if ℓ = n1 + 1, . . . , n. We are thinking of each subspace
of both F and G as a subspace of Cn thanks to the identification
Cn ∼= Cn1 ⊕Cn2 . In the same way the vector wℓ is equal to either uℓ if
ℓ = 1, . . . , n1 or to v
ℓ−n1 if ℓ = n1 + 1, . . . , n.
Since the Borel cocycle Bn is strict, the restriction of the Borel class
βb(n) to the subgroup PGL(n1,C)× PGL(n2,C) can be implemented
by the cocycle ϑ∗(Bn). Hence, given F = ((F0, u0), . . . , (F3, u3)) ∈
Faff(n1,C)
4 and G = ((G0, v0) . . . , (G3, v3)) ∈ Faff(n2,C)
4, if we de-
note by (Hi, wi) = ϑ((Fi, ui), (Gi, vi)) for i = 0, . . . , 3, we get
ϑ∗(Bn)(F,G) = Bn((H0, w0), . . . , (H3, w3)) =
∑
J∈{0,...,n−1}4
VolQ(H,J) =
=
∑
J∈{0,...,n1−1}4
VolQ(H,J) +
∑
J∈{n1,...,n−1}4
VolQ(H,J) = Bn1(F) +Bn2(G).
If the multi-index J does not lie in neither {0, . . . , n1 − 1}
4 nor in
{n1, . . . , n − 1}
4, the class Q(H,J) does not contribute to the sum
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because at least one of the vectors on which we evaluate the volume
function becomes equal to zero in the quotient. Thus we obtain
ϑ∗(Bn) = Bn1 +Bn2 ,
from which follows that the class βb(n) restricts to βb(n1) + βb(n2), as
claimed. The proof of the general case n =
∑r
i=1 ni can be obtained
by an inductive argument. If we now look at the norm of the class∑r
i=1 βb(ni) we get
||
r∑
i=1
βb(ni)||∞ =
r∑
i=1
(
ni + 1
3
)
ν3.
and since for every non-trivial partition (n1, . . . , nr) of n we have that
r∑
i=1
(n2i − 1)ni
6
ν3 ≤ max
i=1,...,r
(n2i − 1)
∑r
i=1 niν3
6
<
(
n + 1
3
)
ν3
the statement follows. 
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